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The construction to be presented here has the flavor of work on the in-
verse Galois problem, but in place of a nite group the focus of attention
is the topological group PSL2;pX, where p is a prime ¾7. We shall
realize this group as the Galois group of an extension of modular function
elds associated to certain noncongruence subgroups of SL2;, and then
we shall descend to an extension of function elds over a proper subeld of
 by using the rigidity method of Belyi, Fried, Matzat, Shih, and Thomp-
son. To formulate our results precisely, let - denote the compositum of
all modular function elds for subgroups of nite index in SL2;, and
given a subgroup 0 of nite index in SL2; let -0 be the corresponding
modular function eld. For example, -SL2; = j. As usual, if N is a
positive integer then 0N will denote the principal congruence subgroup
of level N .
Theorem 1. There is a unique subeld , of - which contains -0p and
is Galois over j with Gal,/j ∼= PSL2;pX. Furthermore, , is
the compositum of all subelds + of - which contain -0p and are Galois
over j with Gal+/j ∼= PSL2;/pn for some n¾ 1.
The reader is cautioned that the uniqueness of , in Theorem 1 is con-
tingent on the assumption that , contains -0p. Indeed, the theorem re-
mains true (with a different ,) if 0p is replaced by a noncongruence
normal subgroup of SL2; with quotient PSL2;/p. Such subgroups
do exist whenever p¾ 13; see Newman [17], Garbe [7], Cohen [4], and
Berger [1]. We also remark that the existence of a subeld , of - such
that , is Galois over j with Galois group PSL2;pX is a purely
group-theoretic fact, which in the language of the 2; 3-generation prob-
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lem [10] can be expressed by saying that PSL2;pX is topologically
2; 3-generated.
Theorem 2. Fix a subeld F of  containing all roots of unity of p-power
order. There is a unique Galois extension L of Fj contained in , such that
L = , and j ∩ L = Fj.
It follows that GalL/Fj ∼= PSL2;pX, because the condi-
tions L = , and j ∩ L = Fj mean precisely that the map from
Gal,/j to GalL/Fj dened by restriction to L is an isomor-
phism. We now come to our main result. Given an elliptic curve E, let
EN denote the group of points on E of order dividing N , and put
Ep∞ = Sn¾ 1 Epn.
Theorem 3. Let F and L be as in Theorem 2, and suppose that E
is an elliptic curve over Fj with invariant j. There are isomorphisms of
GalLEp∞/Fj onto SL2;pX and of GalFj; Ep∞/Fj
onto SL2;p such that the diagram
GalLEp∞/Fj
∼=−→ SL2;pX????y
????y
GalFj; Ep∞/Fj
∼=−→ SL2;p
commutes, where the vertical arrow on the left is restriction to Fj; Ep∞
and the vertical arrow on the right is induced by the homomorphism of topo-
logical rings pX → p sending X to 0.
The isomorphism GalFj; Ep∞/Fj ∼= SL2;p is classical, of
course; cf. [9, 20]. The point of Theorem 3 is that this isomorphism can be
obtained from an isomorphism onto SL2;pX by specializing X to
0. Since X can also be specialized to elements of pp different from 0, we
see that in addition to the true division tower of E over Fj there are
many false division towers with the same Galois group SL2;p.
Next we specialize j. Combining Theorem 3 with the Hilbert Irreducibil-
ity Theorem and a result of Boston [2], we obtain the following statement
about elliptic curves over number elds. For the notion of a thin set, see
[19, p. 19].
Corollary. Let F0 be a number eld and F the extension of F0 obtained
by adjoining all roots of unity of p-power order. There is a thin subset W ⊂ F0
with the following property: If C is an elliptic curve over F0 and jC /∈ W then
the representation GalF/F → SL2;p determined up to equivalence by
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the p-adic Tate module of C is obtained from a surjective map GalF/F →
SL2;pX by specializing X to 0.
We conclude this introduction by mentioning three open problems. The
rst is to give an explicit example, say for F0 = , of an elliptic curve C
such that jC /∈ W (cf. [8] and [15, p. 258, Prop. 1]). The second is to prove
an analogue of Serre’s theorem [18]: presumably it would assert that if j is
specialized to an element of F0 which is not the invariant of an elliptic curve
with complex multiplication then the image of the resulting representation
into SL2;pX is open. The third problem is to derive the results
of this paper within the framework of Mazur’s Galois deformation theory
[1114]. The possibility of such a derivation is suggested not only by the
nature of the results themselves but also by the cohomological mechanism
which underlies some of the proofs. For example, the nal paragraph of
the proof of Proposition 4 is essentially a rewording of the argument at the
bottom of p. 285 of [14].
It is a pleasure to thank Dan Abramovich, Walter Feit, Ralph Greenberg,
Glenn Stevens, and Siman Wong for a number of illuminating remarks and
helpful references.
1. A CRITERION FOR RIGIDITY
If g1; g2; : : : ; gk are elements of a group then the subgroup they generate
will be denoted g1; g2; : : : ; gk. The conjugacy class and centralizer of an
element g will be denoted Conjg and Centg respectively.
Let G be a nite group with trivial center. By a modular pair for G
we mean an ordered pair of elements of G, say 8 = σ; ρ, such that
σ2 = ρ3 = 1 and G = σ; ρ. We assume that G is nontrivial, whence it
follows that σ and ρ have orders 2 and 3 respectively. The term mod-
ular pair is an allusion to the modular group SL2; and is intended
to reflect the fact that modular pairs for G are in natural one-to-one cor-
respondence with surjective homomorphisms ϕx SL2; → G. Indeed,
a surjective homomorphism ϕx SL2; → G necessarily factors through
PSL2;, because the center of G is trivial; on the other hand, PSL2;
is the free product of a subgroup of order 2 and a subgroup of order 3: De-
noting the image in PSL2; of an element g ∈ SL2; by g, we have
PSL2; = S ∗ R with
S =

0 −1
1 0

∈ SL2;
and
R =

0 1
−1 −1

∈ SL2;:
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We conclude that ϕ is determined by its values on S and R and that the
pair
8 = σ; ρ = ϕS; ϕR
is a modular pair for G. In fact, the bijection 8 7→ ϕ descends to a bijection
between conjugacy classes, where the conjugate of a modular pair 8 =
σ; ρ by an element g ∈ G is the modular pair g8g−1 = gσg−1; gρg−1
and the conjugate of an epimorphism ϕx SL2; → G is the epimorphism
gϕg−1γ = gϕγg−1 γ ∈ SL2;. It should be added that if 8 and
9 are conjugate modular pairs for G then an element g ∈ G such that
9 = g8g−1 is unique, because the center of G is trivial by assumption.
Let 8 = σ; ρ be a modular pair for G. We say that 8 is rigid if every
modular pair for G of the form 9 = s; r with s ∈ Conjσ, r ∈ Conjρ,
and sr = σρ is conjugate to 8. Equivalently, 8 is rigid if the triple of
conjugacy classes Conjσ;Conjρ;Conjτ−1 is rigid in the usual sense,
where τ = σρ (cf. [19, p. 70], or [21, p. 38]). Note that τ = ϕT , where
T = SR =

1 1
0 1

and ϕx SL2; → G is the surjective homomorphism corresponding to
8. One veries at once that every conjugate of a rigid modular pair is also
rigid.
Now x a prime p¾ 5, eventually to be assumed ¾7. We consider a nite
group eG with trivial center which is an extension of G by an elementary
abelian p-group A:
0 −→ A ι−→ eG pi−→ G −→ 1:
Although G and eG will be written multiplicatively, A will be written ad-
ditively, and we shall view A as a vector space over p and the action of
G on A as a representation G→ AutA. Given κ ∈ G, we write Aκ and
Aκ respectively for the kernel and image of the endomorphism 1 − κ of
A, and we denote by Liftκ the subset of pi−1κ consisting of elements
which have the same order as κ. If 8 = σ; ρ is a modular pair for G then
Lift8 denotes the set of modular pairs σ˜; ρ˜ for eG such that piσ˜ = σ
and piρ˜ = ρ. Thus
Lift8 = σ˜; ρ˜ x σ˜ ∈ Liftσ; ρ˜ ∈ Liftρ; and eG = σ˜; ρ˜}:
Finally, LiftG will denote the set of subgroups of eG which are the image
of a splitting G→ eG of pi. In particular, if eG is a nonsplit extension of G
then LiftG is the empty set.
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Proposition 1. Let 8 = σ; ρ be a modular pair for G and put τ = σρ.
(i) Suppose that the representation of G on A is irreducible. Then
Lift8 = Aσ  Aρ − LiftG;
whence Lift8 = Aσ  Aρ if eG is a nonsplit extension of G.
(ii) Suppose that 8 is rigid. If Aσ ∩ σAρ = 1 − σAτ and
Centτ = τ then every element of Lift8 is also rigid.
Proof. The following preliminary remark will be useful:
(o) Suppose that κ ∈ G has order prime to p. Then Liftκ is nonempty,
and given κ˜ ∈ Liftκ and a ∈ A we have ιaκ˜ ∈ Liftκ if and only if
a ∈ Aκ. Thus Liftκ = ιAκκ˜:
We prove our three assertions in the order (o), (i), and (ii).
(o) Let n be the order of κ. If κˆ ∈ pi−1κ is any preimage of κ
and r is an integer such that pr ≡ 1 mod n then κˆpr ∈ Liftκ, whence
Liftκ 6= ∅. Now x κ˜ ∈ Liftκ. Since p-n the polynomials 1 − x and
1+ x+ x2 + · · · + xn−1 over p are relatively prime, and consequently the
equation
1− κ1+ κ+ κ2 + · · · + κn−1 = 1− κn = 0
in EndA implies that Aκ = Ker 1 + κ + κ2 + · · · + κn−1. Therefore,
given a ∈ A, we must show that ιaκ˜n = 1 if and only if 1+ κ+ κ2 +
· · · + κn−1 · a = 0. This follows from the calculation
ιaκ˜n =
n−1Y
i=0
κ˜iιaκ˜−i

κ˜n;
because κ˜n = 1 and the product over i is ι1+ κ+ κ2 + · · · + κn−1 · a.
(i) Let L be the set of ordered pairs σ˜; ρ˜ ∈ Liftσ × Liftρ such
that σ˜; ρ˜ intersects ιA trivially. It sufces to prove two statements:
(i1) L = LiftG.
(i2) Liftσ × Liftρ is the disjoint union of Lift8 and L .
Indeed, (i1) and (i2) together imply that Liftσ × Liftρ = Lift8 +
LiftG, while (o) gives Liftσ × Liftρ = Liftσ Liftρ =
Aσ  Aρ:
To verify (i1) we dene a bijection from L to LiftG. Given σ˜; ρ˜ ∈ L ,
consider the group bG = σ˜; ρ˜. According to the denition of L , we havebG ∩ ιA = 1; on the other hand, pibG = σ; ρ = G. Therefore bG is
the image of a splitting of pi; in other words, bG ∈ LiftG. Conversely, ifbG ∈ LiftG then the restriction of pi to bG is an isomorphism of bG onto
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G, and consequently the preimages of σ and ρ under pibG form a pair
σ˜; ρ˜ ∈ L .
To verify (i2) we take σ˜; ρ˜ ∈ Liftσ × Liftρ and put bG = σ˜; ρ˜.
Since pibG = G we see that bG contains ιA if and only if bG = eG, i.e.,
if and only if σ˜; ρ˜ ∈ Lift8. Thus the assertion in (i2) is that bG either
contains ιA or intersects ιA trivially. This dichotomy follows from the
irreducibility of the action of G on A, because ι−1bG is stable under the
action of G: given a ∈ ι−1bG and g ∈ G we can write g = pigˆ for some
gˆ ∈ bG, and then ιg · a = gˆιagˆ−1 ∈ bG:
(ii) Fix e8 = σ˜; ρ˜ ∈ Lift8. Given another modular pair e9 =
s˜; r˜ ∈ Conjσ˜ × Conjρ˜ with s˜r˜ = σ˜ρ˜, we must show that e9 = g˜e8g˜−1
for some g˜ ∈ eG. Put s = pis˜, r = pir˜, and 9 = s; r ∈ Conjσ ×
Conjρ. Then 9 is a modular pair for G and sr = σρ, so there exists g ∈ G
such that 9 = g8g−1. In other words, s = gσg−1 and r = gρg−1, and conse-
quently sr = gσρg−1. Since sr = σρ = τ we deduce that g ∈ Centτ = τ,
whence g = τj for some integer j. Put τ˜ = σ˜ρ˜ and gˆ = τ˜j , so that pigˆ = g.
Since σ = g−1sg and ρ = g−1rg there exist b; c ∈ A such that
ιbσ˜ = gˆ−1s˜gˆ (1)
and
ιcρ˜ = gˆ−1r˜gˆ: (2)
In fact, by (o) we have b ∈ Aσ and c ∈ Aρ, because ιbσ˜ and ιcρ˜ have
orders 2 and 3 respectively, as follows from (1) and (2). Now the product
of (1) and (2) can be written
ιbισ · cσ˜ρ˜ = gˆ−1s˜r˜gˆ:
Since s˜r˜ = σ˜ρ˜ = τ˜ and gˆ = τ˜j we deduce that ιbισ · c = 1, whence
b = −σ · c ∈ Aσ ∩ σAρ = 1− σAτ:
Therefore we can write b = 1 − σ · a with a ∈ Aτ. But ι1 − σ · a =
ιaισ · a−1, and consequently
ιb = ιaσ˜ιa−1σ˜−1: (3)
Let us substitute b = −σ · c and conjugate by σ˜−1. After taking inverses of
both sides we nd
ιc = ιaσ˜−1ιa−1σ˜:
On the other hand, σ˜−1 = ρ˜τ˜−1 and ιa ∈ ιAτ ⊂ Centτ˜. Hence the
preceding equation can be rewritten
ιc = ιaρ˜ιa−1ρ˜−1: (4)
Finally, substituting (3) and (4) in (1) and (2) respectively we obtain e9 =
g˜e8g˜−1 with g˜ = gˆιa. This completes the proof of (ii).
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2. APPLICATION TO PSL2;/pn
If G and G′ are nite groups with trivial center and f x G → G′ is a
surjective homomorphism then f induces a map σ; ρ 7→ f σ; f ρ
from the set of modular pairs for G to the set of modular pairs for G′.
In particular, it is meaningful to speak of the set of modular pairs for G
which map to some given modular pair for G′. Let n be a positive integer
and p a prime ¾5, and consider the homomorphism PSL2;/pn →
PSL2;/p afforded by reduction modulo p. The surjectivity of this map
is elementary, but since the issue will come up again we mention that for
any local ring 3 and any ideal ` of 3 the natural map from SL2; 3 to
SL2; 3/` is surjective. (If u ∈ SL2; 3/` and u˜ is any lift of u to a matrix
with coefcients in 3 then det u˜ ≡ 1 modulo `. Hence we can multiply u˜
by a diagonal matrix with diagonal entries 1 and det u˜−1 to obtain a lift
of determinant 1.) By the standard modular pair for PSL2;/p we
mean the pair ϕstS; ϕstR, where ϕstx SL2; → PSL2;/p is the
standard map afforded by reduction modulo p and quotient by the center.
Let Pn denote the set of modular pairs for PSL2;/pn which reduce
modulo p to the standard modular pair.
Proposition 2. (i) Pn = p4n−1.
(ii) Every element of Pn is rigid.
Proof. (i) It sufces to show that the bers of the natural map Pn+1 →
Pn have cardinality p4. The stated formula for Pn then follows by induction,
because P1 consists of the standard modular pair alone.
We apply Proposition 1 with G= PSL2;/pn, eG= PSL2;/pn+1,
and pix eG→ G the natural map. In keeping with our convention that A is
written additively, we take A to be the vector space ÓÌ2;/p of traceless
2× 2 matrices over /p, and we let ιx A→ eG be the map sending a ∈ A
to the image in eG of the matrix
1+ pna ∈ SL2;/pn+1:
Here 1 denotes the 2× 2 identity matrix and the product pna is interpreted
as a matrix with coefcients in /pn+1. The conditions tr a = 0 and
det1+ pna = 1 are readily veried to be equivalent. The action of G on
A is given by the formula
g · a = Adg1a g ∈ G;a ∈ A;
where g1 ∈ PSL2;/p denotes the reduction of g modulo p and Ad is
the adjoint representation of PSL2;/p on ÓÌ2;/p. Since the ad-
joint representation is irreducible, the hypothesis of part (i) of Proposition 1
is satised. We claim in addition that the extension eG→ G is nonsplit. To
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verify this, suppose that a section f x G → eG exists, and let τ and τ˜ de-
note the image of T in G and eG respectively. Then τpn = 1, τ˜pn 6= 1, and
f τ = ιaτ˜ for some a ∈ A. Raising both sides of this last equation to
the pnth power, we nd
1 = ιPAdτ1 · aτ˜p
n
;
where Px is the polynomial 1 + x + x2 + · · · + xpn−1 = x − 1pn−1 over
/p. Since Px is divisible by the characteristic polynomial x − 13 of
Adτ1, we deduce that τ˜pn = 1, a contradiction.
Now x a modular pair 8 = σ; ρ ∈ Pn. The ber of Pn+1 → Pn over
8 is Lift8. But Proposition 1 gives
Lift8 = Aσ  Aρ:
Furthermore, dimp Aσ = dimp Im Adσ1 − 1 = 2; because σ1 is the
image of S in PSL2;/p and so has distinct eigenvalues (we are using
the fact that p 6= 2). Similarly, dimp Aρ = 2. It follows that Lift8 = p4.
(ii) The proof is by induction on n. To facilitate the inductive step
we enlarge the assertion at issue, proving not only that every element 8 =
σ; ρ of Pn is rigid but also that Centτ = τ and τpn−1 = τstpn−1 , where
τ = σρ and τst is the image of T in PSL2;/pn. If n = 1 then 8 is the
standard modular pair for PSL2;/p, which is known to be rigid (cf.
[19, p. 74]). Furthermore, the identity τp
n−1 = τstpn−1 is tautological in this
case and the identity Centτ = τ is straightforward (given ω ∈ Centτ,
let τˇ; ωˇ ∈ SL2;/p be preimages of τ and ω respectively; then τˇ2 and
ωˇ commute hence preserve each other’s eigenspaces). Now assume the
inductive hypothesis for some n¾ 1 and put G = PSL2;/pn, eG =
PSL2;/pn+1, and A = ÓÌ2;/p as before. To prove that every
element of Pn+1 is rigid we apply part (ii) of Proposition 1. The condition
Centτ = τ holds by inductive hypothesis, so it sufces to verify that
Aσ ∩ σAρ = 1− σAτ; or in other words that
Im 1− s ∩ sIm 1− r = 1− sKer 1− t; (5)
where s = Adσ1, r = Adρ1, and t = Adτ1.
Put
u =

0 1
0 0

∈ ÓÌ2;/p:
Then u spans Ker 1− t, and consequently the matrix
v = 1− su =

0 1
1 0

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spans 1 − sKer 1 − t: But Im 1 − r = Ker 1 + r + r2, and a cal-
culation shows that 1 + r + r2v = 0. Hence 1 − sKer 1 − t ⊂
Im 1 − r. Applying s to both sides of the preceding inclusion we obtain
1− sKer 1− t ⊂ sIm 1− r and consequently
1− sKer 1− t ⊂ Im 1− s ∩ sIm 1− r: (6)
Now the left-hand side is spanned by the nonzero vector v, so to deduce
(5) from (6) it sufces to see that the dimension of the right-hand side is
<2. If this is not the case then
Im 1− s = sIm 1− r; (7)
because both Im 1 − s and sIm 1 − r have dimension 2. Applying s
to (7) we nd that Im 1 − s = Im 1 − r; whence this subspace is sta-
ble under both s and r. This contradicts the irreducibility of the adjoint
representation of PSL2;/p, and therefore (5) does hold.
It remains to show that if e8 = σ˜; ρ˜ ∈ Lift8 then Centτ˜ = τ˜ and
τ˜p
n = τ˜stpn , where τ˜ = σ˜ρ˜ and τ˜st is the image of T in eG. Let us begin
with the identity Centτ˜ = τ˜. Since Centτ = τ, we know at least
that any g˜ ∈ Centτ˜ has the form g˜ = ιaτ˜k for some a ∈ A and k ∈ .
Since ιa = g˜τ˜−k ∈ Centτ˜ we actually have a ∈ ι−1Centτ˜ = Aτ, so it
sufces to see that ιAτ ⊂ τ˜. In fact, since the space Aτ = Ker 1 − t
is one-dimensional we may simply verify that τ˜ ∩ ιAτ is nontrivial. This
can be accomplished by showing that τ and τ˜ have orders pn and pn+1
respectively, for then τ˜p
n ∈ ιAτ but τ˜pn 6= 1. That τ has order pn follows
from the identity τp
n−1 = τstpn−1 , which holds by inductive hypothesis. That
τ˜ has order pn+1 will follow from the corresponding identity for τ˜p
n
, which
must be veried anyway. To verify it, we observe that τ˜p
n−1 = ιbτ˜stpn−1
for some b ∈ A, and we take pth powers of both sides. If n¾ 2 then τ˜st1 p
n−1
is trivial, whence ιb and τ˜stpn−1 commute and τ˜pn = τ˜stpn . If n = 1
then τ˜st1 = τ and τ˜p = ιPAdτ · bτ˜stp with Px = 1+ x+ x2 + · · · +
xp−1 = 1− xp−1. Since Px is divisible by the characteristic polynomial
of Adτ we conclude that τ˜p = τ˜stp.
3. DIGRESSION: AUTOMORPHISMS OF PSL2;/pn
We begin with a simple group-theoretic remark: If G is a nite group
with the property that a Sylow p-subgroup of G has order pk and is
not normal then G has at most one normal subgroup of order pk−1
(the product of two such subgroups would be a Sylow subgroup vio-
lating the hypotheses). Let Bn denote the kernel of the reduction map
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PSL2;/pn → PSL2;/p. It follows from the group-theoretic re-
mark that Bn is the unique normal subgroup of its order in PSL2;/pn
and hence that Bn is a characteristic subgroup of PSL2;/pn. Thus any
automorphism of PSL2;/pn induces an automorphism of the group
PSL2;/pn/Bn ∼= PSL2;/p.
For the remainder of this paper we assume that p¾ 7. The two lemmas
which follow are false for p = 5.
Lemma 1. An automorphism of PSL2;/pn inducing the identity on
PSL2;/p is inner.
Proof. This follows from the results of McQuillan [16], but to illustrate
the use of rigidity we will sketch an alternative argument based on Propo-
sition 2. Let f be an automorphism of PSL2;/pn inducing the iden-
tity on PSL2;/p. We claim that there is an element 8 = σ; ρ of
Pn such that the conjugacy classes of σ , ρ, and τ = σρ are stable under
f . Granting the claim temporarily and choosing an inner automorphism
i of PSL2;/pn such that i ◦ f τ = τ, we put s = i ◦ f σ and
r = i ◦ f ρ, so that the modular pair 9 = s; r satises s ∈ Conjσ,
r ∈ Conjρ, and sr = σρ. Since 8 is rigid, it follows that 9 is conjugate to
8 and consequently that i ◦ f is inner. Hence f itself is inner.
It remains to justify the claim. The rst point is that PSL2;/pn has
a unique conjugacy class of elements of order ν for ν = 2 and ν = 3. This
is an exercise in the use of Cartan subgroups and their normalizers. For
example, if ν = 3 and p ≡ 1 modulo 3 let C be the image in PSL2;/pn
of the diagonal subgroup of SL2;/pn. Then C is cyclic and contains a
Sylow 3-subgroup of PSL2;/pn, so we deduce from the conjugacy of
Sylow subgroups that PSL2;/pn has at most two conjugacy classes of
elements of order 3. In fact, there is only one such conjugacy class, because
the image of S in PSL2;/p acts on C by inversion. The case ν = 3 and
p ≡ 2 modulo 3 is similar (C is now a nonsplit Cartan subgroup), and the
case ν = 2 is also similar, except that this time it is only the normalizer of
a Cartan subgroup which contains a Sylow ν-subgroup and one must check
directly that an involution in the normalizer can be conjugated into the
Cartan itself. The upshot of all of this is that the conditions f σ ∈ Conjσ
and f ρ ∈ Conjρ are automatically satised for any choice of 8. We will
now show that the conjugacy class of the image of T in PSL2;/pn is
also stable under f , whence our claim holds with 8 equal to the standard
modular pair for PSL2;/pn.
The argument proceeds by induction on n. Put G = PSL2;/pn, eG =
PSL2;/pn+1, and A = ÓÌ2;/p. Let ιx A→ eG be the map sending
a ∈ A to the image in eG of 1 + pna, and write Bn+1 simply as B. Then
ιA = bpn−1 x b ∈ B and consequently ιA, like B, is a characteristic
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subgroup of eG. Hence f induces an automorphism of eG/ιA. By inductive
hypothesis this automorphism is inner, so after composing f with an inner
automorphism of eG we may assume that f induces the identity on eG/ιA.
Let t denote the image of T in eG. Then f t is the image in eG of a matrix
W ∈ SL2;/pn+1 of the form
W =

1 1
0 1

+ pn

a b
c d

; (8)
with integers a, b, c, d uniquely determined modulo p. For an integer k
prime to p we have
W k =

1 1
0 1

+ pn

a b
c d
k
=

1 k
0 1

+ pn
k−1X
ν=0

1 ν
0 1

a b
c d

1 k− ν − 1
0 1

=

1 k
0 1

+ pn

ka+ kk− 1c/2 ∗
∗ kd + kk− 1c/2

;
whence tr W k ≡ 2 + kpna+ d + k− 1c modulo pn+1. In fact if we
substitute (8) in the equation detW  = 1 and read modulo pn+1, insert-
ing the result in the preceding formula for tr W k, we obtain the pair of
congruences
a+ d ≡ c mod p
tr W k ≡ 2 + pnk2c mod pn+1: (9)
Suppose now that k is a quadratic residue modulo p. Conjugating t by the
image in eG of an appropriate diagonal matrix, one nds that tk is conjugate
to t and hence that f tk is conjugate to f t. It follows in particular that
tr W k = ± tr W , so that (8) and (9) give
2 + pnk2c ≡ ±2 + pnc mod pn+1: (10)
In fact, the plus sign holds on the right-hand side because p 6= 2. Since
p¾ 7 we can choose the quadratic residue k so that k2 6≡ 1 modulo p, and
then (10) gives c ≡ 0 and hence d ≡ −a modulo p. Thus W coincides with
the second matrix on the left-hand side of the equation
1 −pna
pna 1

1+ pna 1+ pnb
0 1− pna

1 −pna
pna 1
−1
=

1 1+ pnb
0 1

: (11)
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Since the image in eG of the right-hand side of (11) belongs to Conjt, so
does f t.
Lemma 2. Let G = PSL2;/p and A = ÓÌ2;/p, and view A as
a G-module via the adjoint action of G. Then H1G;A is trivial.
Proof. The lemma follows from the general results of Cline, Parshall,
and Scott [3, Thm. 4.2], but for the reader’s convenience we shall de-
duce it from the case n = 2 of Lemma 1. Put eG = PSL2;/p2 and
let ιx A → eG be the map sending a ∈ A to the image in eG of 1 + pa.
Also let Aut1eG denote the group of automorphisms of eG which induce
the identity on G, let Inn1eG ⊂ Aut1eG denote the subgroup of inner au-
tomorphisms, and put Out1eG = Aut1eG/ Inn1eG. If f ∈ Aut1eG then
for every g˜ ∈ eG we can write f g˜ = ιag˜g˜ with ag˜ ∈ A. A standard
calculation shows that the map cf x g˜ 7→ ag˜ is a cocycle of eG with values
in A (the G-module A being regarded as a eG-module via the canonical
map eG→ G) and that the assignment f 7→ cf induces an isomorphism of
Out1eG onto H1eG;A. Hence Lemma 1 implies that H1eG;A is trivial.
By the inflationrestriction sequence H1G;A is trivial also.
4. MODULAR FUNCTION FIELDS
Given a positive integer N , let 0±N denote the subgroup ±I0N
of SL2;, where I is the 2 × 2 identity matrix. We write Gn for the set
consisting of all subgroups 0 of 0±p which are normal in SL2; with
SL2;/0 ∼= PSL2;/pn.
Proposition 3. (i) Gn = pn−1.
(ii) Fix a subeld F of  containing e2pii/p
n
. Given 0 ∈ Gn, there is a
unique Galois extension K0 of Fj contained in -0 such that K0 = -0
and j ∩K0 = Fj.
Proof. (i) The kernel Bn of the natural map PSL2;/pn →
PSL2;/p acts on Pn by conjugation. Let Cn be the resulting orbit
space. Since the center of PSL2;/pn is trivial, the stabilizer in Bn of
each element of Pn is also trivial, and consequently
Cn = Pn/Bn: (12)
Now Bn =p3n−1, because PSL2;/pn is obtained from PSL2;/p
by n− 1 successive extensions by ÓÌ2;/p. Also, Pn = p4n−1 (Propo-
sition 2). Therefore (12) implies that Cn = pn−1, and it will sufce to
dene a bijection from Cn to Gn.
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Such a bijection can be dened as follows. Given C ∈ Cn and 8 =
σ; ρ ∈ C, let ϕx SL2; → PSL2;/pn be the surjective homo-
morphism such that ϕS = σ and ϕR = ρ, and put 0 = Ker ϕ. We
claim that 0 ∈ Gn. Certainly ϕ induces an isomorphism of SL2;/0
onto PSL2;/pn. On the other hand, since 8 reduces modulo p to
the standard modular pair for PSL2;/p, the composition of ϕ with
the standard map PSL2;/pn → PSL2;/p is the standard map
SL2; → PSL2;/p. As 0±p is the kernel of the latter map we
do have 0 ⊂ 0±p, and consequently 0 ∈ Gn. Finally, if 8 is replaced
by a conjugate modular pair in C then ϕ is replaced by a conjugate ho-
momorphism, whence Ker ϕ is unchanged. We conclude that C 7→ 0 is a
well-dened map from Cn to Gn.
To see that this map is surjective, suppose that 0 ∈ Gn, and let ϕ be a
homomorphism of SL2; onto PSL2;/pn with kernel 0. Since 0 is
contained in 0±p, the epimorphism ϕ induces an isomorphism
φx SL2;/0±p −→ PSL2;/pn/ϕ0±p:
But Bn is the unique normal subgroup of its index in PSL2;/pn, so
ϕ0p± = Bn. If we make the canonical identication of PSL2;/pn/
Bn with PSL2;/p then φ becomes an isomorphism of SL2;/
0±p onto PSL2;/p, and composing φ−1 with the standard isomor-
phism
φst x SL2;/0±p −→ PSL2;/p
yields the automorphism φst ◦φ−1 of PSL2;/p. Now by [5, pp. 91 and
98] (or by a rigidity argument as in the proof of Lemma 1) every auto-
morphism of PSL2;/p is a conjugation in PGL2;/p. Since the
reduction map from PGL2;/pn to PGL2;/p is surjective it fol-
lows in particular that every automorphism of PSL2;/p lifts to an au-
tomorphism of PSL2;/pn, whence φst ◦ φ−1 is the automorphism of
PSL2;/p induced by some automorphism c of PSL2;/pn. Af-
ter replacing ϕ by c ◦ ϕ we have φ = φst, and then the modular pair
8 = ϕS; ϕR reduces modulo p to the standard modular pair for
PSL2;/p. Thus 8 ∈ Pn and the map C 7→ 0 is surjective.
Now let us prove injectivity. Choose 8 ∈ C ∈ Cn and 8′ ∈ C ′ ∈ Cn,
and let ϕ and ϕ′ be the corresponding homomorphisms from SL2;
to PSL2;/pn. Also let 0 and 0′ be the respective kernels, and
let φ and φ′ be the corresponding isomorphisms from SL2;/0 and
SL2;/0′ to PSL2;/pn. If 0 = 0′ then φ′ ◦φ−1 is an automorphism
of PSL2;/pn inducing the identity automorphism on PSL2;/p.
By Lemma 1, every such automorphism is inner, so ϕ is conjugate to ϕ′
and 8 to 8′. Thus C = C ′.
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(ii) Given a normal subgroup 0 of nite index in SL2; with −I ∈
0, we may view SL2;/0 as a group of automorphisms of -0 with xed
eld j and so identify SL2;/0 with Gal-0/j. Passing to the
inverse limit over 0, we obtain an identication
Gal-/j ∼= dPSL2;; (13)
where dPSL2; denotes the pronite completion of PSL2;. Now let M
be the algebraic closure of Fj in -, and let F be the algebraic closure of
F in . Then M is stable under the action of SL2; on -, and we have
j ∩M = Fj and M = - (the latter equation follows for example
from [19, p. 59, Theorem 6.3.3]. We conclude that restriction to M gives an
isomorphism of Gal-/j onto GalM/Fj, whence (13) leads to an
identication
GalM/Fj ∼= dPSL2;:
We are now in a position to apply the arguments on pp. 81 and 82 of
[19]. Put A = GalM/Fj, B = GalM/Fj, and C = GalF/F, so that
the sequence
1→ A→ B→ C → 1
is exact. Given 0 ∈ Gn, let ϕx SL2; → PSL2;/pn be a surjective
homomorphism with kernel 0, and let b0 be the closure of the image of 0
in dPSL2;. Let φ be the composite map
dPSL2; −→ dPSL2;/b0 −→ SL2;/0 −→ PSL2;/pn;
where the rst arrow is the quotient map, the second is the inverse of the
isomorphism induced by inclusion, and the third is induced by ϕ. SincedPSL2; has been identied with the group A = GalM/Fj, we may
view φ as a continuous homomorphism from A to PSL2;/pn, the
latter group being given the discrete topology. We want to show that φ has a
unique extension to a continuous homomorphism φ′x B→ PSL2;/pn,
for then the xed eld of the kernel of φ′ is an extension K0 of Fj
with the desired properties and is unique. Put σ = ϕS, ρ = ϕR, τ =
ϕT . The existence and uniqueness of φ′ follow from Lemma 8.1.3 of
[19] provided that χσ; χρ; χτ ∈ F for every complex character χ of
PSL2;/pn. Now χσ ∈  because σ is an involution. Also, χρ ∈
 because the elements of order 3 in PSL2;/pn constitute a single
conjugacy class, as we saw in the proof of Lemma 1. Finally, the proof
of part (ii) of Proposition 2 shows that τ has order pn, whence χτ ∈
e2pii/pn. Thus in all three cases the character values do lie in F .
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5. REPRISE: QUOTIENTS OF THE IWASAWA ALGEBRA
Put 3 = pX. We now retrace a portion of the argument with /pn
replaced by the ring 3n = 3/p;Xn. While we prove nothing about rigidity
this time, we shall ultimately recover the consequences of rigidity by using
what we have already proved for PSL2;/pn.
Throughout, we identify PSL2; 31 with PSL2;/p by means of the
unique ring isomorphism of 31 onto /p. As the natural map
PSL2; 3n −→ PSL2; 31 = PSL2;/p
is surjective, we can consider the set Qn consisting of modular pairs for
PSL2; 3n which reduce modulo p;X to the standard modular pair
for PSL2;/p. More generally, the canonical ring homomorphism
from 3n+1 to 3n determines a surjective group homomorphism from
PSL2; 3n+1 to PSL2; 3n and hence a natural map from Qn+1 to Qn.
Proposition 4. The map Qn+1 → Qn is surjective, and
Qn =

1 if n = 1
p− 1p2n2+2n−5 if n¾ 2 :
Proof. For 1¶m¶n and 0¶µ¶m dene ideals `m;µ of 3 by
`m;µ = pm;pm−1X;pm−2X2; : : : ; pµXm−µ + p;Xm+1:
Also set
`m;m+1 = p;Xm+1:
Then quotients of consecutive terms in the ltration
p;Xm = `m; 0 ⊃ `m; 1 ⊃ `m; 2 ⊃ · · · ⊃ `m;m ⊃ `m;m+1 = p;Xm+1
are vector spaces of dimension one over /p. Put 3m;µ = 3/`m;µ and
let Qm;µ be the set consisting of modular pairs for PSL2; 3m;µ which
reduce modulo p;X to the standard modular pair for PSL2;/p. By
denition, Qm; 0 = Qm = Qm−1;m, and consequently we have a telescoping
product
Qn = Q1; 0
n−1Y
m=1
mY
µ=0
Qm;µ+1
Qm;µ
:
Now Q1; 0 = Q1 = 1, because Q1 contains only the standard modular pair
for PSL2;/p. We will show that
Qm;µ+1
Qm;µ
=
 p− 1p3 if m;µ = 1; 0
p4 otherwise,
(14)
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and then substitution in the telescoping product will give
Qn = p− 1p7
n−1Y
m=2
p4m+1 = p− 1p2n2+2n−5
for n¾ 2. At the same time we will see that the natural map from Qm;µ+1
to Qm;µ is surjective, whence Qn+1 → Qn is surjective also.
Fix a pair m;µ and put G = PSL2; 3m;µ, eG = PSL2; 3m;µ+1, and
A = ÓÌ2;/p. Let pix eG→ G be the canonical map and let ιx A→ eG
be the map sending a ∈ A to the image in eG of the matrix
1+ pµxm−µa ∈ SL2; 3m;µ+1;
where the product pµxm−µa is thought of as a 2 × 2 matrix over 3m;µ+1.
Finally, x 8 = σ; ρ ∈ Qm;µ. It will sufce to show that
Lift8 =
 p− 1p3 if m;µ = 1; 0
p4 otherwise,
(15)
for then the bers of the natural map Qm;µ+1 → Qm;µ have cardinality equal
to the right-hand side of (14). Now just as in the proof of Proposition 2,
the action of G on A amounts to the adjoint action of PSL2;/p on
ÓÌ2;/p and is therefore irreducible. The fact that Aσ  = Aρ = p2
can likewise be quoted from the earlier proof. Thus Proposition 1 gives
Lift8 = p4 − LiftG:
We will show that
LiftG =

p3 if m;µ = 1; 0
0 otherwise,
(16)
thereby proving (15) and hence (14).
First consider the case m;µ 6= 1; 0. To verify (16) we must show that
the extension eG → G is nonsplit. Suppose on the contrary that a section
f x G → eG exists. If µ > 0 we obtain a contradiction by arguing as in
the proof of Proposition 2. Let γ and γ˜ denote the images in G and eG
respectively of the matrix
1 Xm−µ
0 1

∈ SL2; 3;
so that f γ = ιaγ˜ for some a ∈ A. Taking pµth powers gives
1 = ιPAdγ1 · aγ˜p
µ
;
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where γ1 is the image of γ in PSL2;/p and Px is the polynomial
1 + x + x2 + · · · + xpµ−1 = x − 1pµ−1 over /p. Since µ¾ 1, the char-
acteristic polynomial x − 13 of Adγ1 divides Px, whence γ˜pµ = 1, a
contradiction.
If µ = 0 we must modify the preceding argument. Let γ and γ˜ denote
the images in G and eG respectively of
1 Xm−1
0 1

∈ SL2; 3;
and let δ and δ˜ denote the images of
1+X 0
0 1+X−1

∈ SL2; 3:
Then f γ = ιaγ˜ and f δ = ιbδ˜ for some a; b ∈ A. We claim that both
of ιa and ιb commute with both of γ˜ and δ˜, whence f δγδ−1γ−1 =
δ˜γ˜δ˜−1γ˜−1. The claim will give the desired contradiction, because a direct
calculation shows that δγδ−1γ−1 = 1 but δ˜γ˜δ˜−1γ˜−1 6= 1. As for the claim,
it is enough to observe that if k and l are positive integers such that k +
l¾m + 1 then for any 2 × 2 matrices u and v over 3m;µ+1 the matrices
1 +Xku and 1 +Xlv commute. The commutativity of ιa and ιb with
δ˜ is the case k = m and l = 1 of this remark; the commutativity of ιa
and ιb with γ˜ is the case k = m and l = m − 1. In the latter case note
that the condition k+ l¾m+ 1 amounts to the inequality m¾ 2, which is
satised by virtue of our assumptions that m;µ 6= 1; 0 but µ = 0.
We must still consider the case m;µ = 1; 0. In this case 3m;µ = p
and 3m;µ+1 ∼= pX/X2. Hence there is a canonical splitting f0x G→ eG
induced by the embedding of p as a subring of pX/X2. Now if
f xG→ eG is any splitting then f is uniquely determined by f G, and there-
fore LiftG is just the total number of splittings. Furthermore, given f
we can write f g = ιagf0g with ag ∈ A, and the map g 7→ ag is a cocy-
cle of G with values in A. Since H1G;A is trivial (Lemma 2), we deduce
that g 7→ ag is a coboundary, whence there exists a ∈ A such that f g =
ιaf0gιa−1. Conversely, if a ∈ A then the map g 7→ ιaf0gιa−1 is
a splitting. Thus the number of splittings, which is LiftG, is just A, or
in other words p3.
6. ANOTHER DIGRESSION
Throughout, PSL2; 3 is to be regarded as an object in the category
of topological groups, the topology being that induced by the complete
local ring 3. Thus an automorphism of PSL2; 3 is understood to be a
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homeomorphism as well as an isomorphism of abstract groups, and a ho-
momorphism from PSL2; 3 to any other topological group is understood
to be continuous. Similar remarks apply to PSL2;p, and when nite
groups enter the picture they are to be viewed as topological groups with
the discrete topology.
Let D and Dn denote respectively the kernel of the reduction
map PSL2; 3 → PSL2; 31 and the kernel of the reduction map
PSL2; 3n → PSL2; 31. Since a nite group with a nonnormal Sylow
p-subgroup of order pk has at most one normal subgroup of order pk−1,
we see that Dn is the unique normal subgroup of its index in PSL2; 3n.
As n is arbitrary it follows that D is the unique open normal subgroup of
its index in PSL2; 3, hence in particular a characteristic subgroup. Thus
it is meaningful to speak of the automorphism of PSL2; 31 induced by an
automorphism of PSL2; 3. As it happens, PSL2; 3 has a large group
of outer automorphisms inducing the identity on PSL2; 31. Indeed, con-
sider the set 2 consisting of all θ ∈ 3 = pX such that θ0 ∈ pp and
θ′0 ∈ ×p , where θ′ is the formal derivative of θ. For each θ ∈ 2 there
is a unique automorphism of the topological ring 3 sending X to θ, and
therefore we may think of 2 as a subset of the automorphism group of
3, hence also as a subset of the automorphism group of PSL2; 3. That
the subset so dened is actually a subgroup follows from the chain rule
and the inverse function theorem. Furthermore, each θ ∈ 2 restricts to the
identity automorphism on the subgroup PSL2;p of PSL2; 3 and so
induces the identity automorphism on PSL2; 31.
Lemma 3. An automorphism of PSL2; 3 inducing the identity on
PSL2; 31 is the composition of an inner automorphism with the automor-
phism dened by an element of 2.
Proof. This follows from the results of Dull [6], but for the reader’s con-
venience we sketch a proof based on Proposition 4. Put Gn = PSL2; 3n
and let Aut1Gn denote the group of automorphisms of Gn inducing the
identity on G1. Also let Inn1Gn denote the subgroup of inner automor-
phisms in Aut1Gna subgroup identiable with Dnand let 2n be the
subset of 3n obtained from 2 by reduction modulo p;Xn. By transfer-
ring to 2n our point of view on 2 we may think of 2n as a subgroup of
Aut1Gn. As such it intersects Inn1Gn trivially, because the only inner
automorphism of PSL2; 3n restricting to the identity on the subgroup
PSL2;/pn is the identity automorphism. It follows that Inn1Gn and
2n together generate a subgroup of Aut1Gn isomorphic to Dno2n. As
a rst step toward proving the lemma, we will show that
Aut1Gn¶ Dn 2n;
false division towers of elliptic curves 267
whence equality holds and Aut1Gn ∼= Dno2n. If n = 1 there is nothing
to prove, so we assume that n¾ 2.
The rst point is that Aut1Gn¶ Qn, because for any xed 8 =
σ; ρ ∈ Qn the map Aut1Gn → Qn given by f 7→ f σ; f ρ is injec-
tive. Hence it sufces to show that Qn = Dn 2n, or equivalently (Propo-
sition 4) that
Dn 2n = p− 1p2n
2+2n−5: (17)
This is a matter of counting. First of all, we saw in the proof of Proposition 4
that the maximal ideal of 3 has a ltration by ideals `m;µ (1¶m, 0¶µ¶m)
such that quotients of consecutive terms are vector spaces of dimension 1
over /p. The terms with m¶n− 1 induce a ltration of Dn by normal
subgroups in which quotients are vector spaces of dimension 3, so
Dn =
n−1Y
m=1
mY
µ=0
p3 = p3n+2n−1/2: (18)
On the other hand, if we identify 3n with X/p;Xn then a set of coset
representatives in X for the distinct elements of 2n can be chosen to
consist of all polynomials
pa0 + a1X + a2X2 + · · · + an−1Xn−1 ∈ X
satisfying three conditions:
(i) 0¶ a0 < pn−1.
(ii) 1¶ a1¶pn−1 and a1; p = 1.
(iii) 0¶ aν < pn−ν for 2¶ ν¶n− 1.
It follows that
2n = pn−1 · p− 1pn−2 ·
n−1Y
ν=2
pn−ν = p− 1pn2+n−4/2: (19)
On multiplying (18) and (19) we obtain (17), whence Aut1Gn ∼= Dno2n
as claimed.
Now put G = PSL2; 3 and let Aut1G denote the group of automor-
phisms of G inducing the identity on G1. We want to show that Aut1G is
the semidirect product Do2. Suppose that f ∈ Aut1G is given. Continu-
ity considerations show that for each integer n¾ 1 there is an integer m¾n
such that f induces an epimorphism of Gm onto Gn. We claim that this epi-
morphism factors through the canonical reduction map Gm→ Gn, so that f
actually induces an automorphism of Gn. Then Aut1G is the inverse limit
of the groups Aut1Gn, whence the identications Aut1Gn ∼= Dno2n
give Aut1G ∼= Do2 in the limit.
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The proof of the claim is again a counting argument. Let pix Gm →
Gn be the canonical reduction map and let ϕ be the homomorphism of
SL2; onto Gm corresponding to some xed element of Qm. As ω runs
over the distinct elements of Aut1Gn the composite functions ω ◦ pi ◦ ϕ
correspond to distinct elements of Qn. In fact we obtain all elements of
Qn in this way, because we have just seen that Aut1Gn = Qn. Now
suppose that pi ′x Gm → Gn is an epimorphism inducing the identity on
G1. If Ker pi ′ 6= Ker pi then pi ′ ◦ ϕ is an epimorphism SL2; → Gn
corresponding to some element of Qn but distinct from every ω ◦ pi ◦ ϕ.
This is a contradiction, hence Ker pi ′ = Ker pi and pi ′ factors through pi.
It is now a simple matter to determine the full automorphism group of
PSL2; 3. The semidirect product PGL2; 3o2 is naturally embedded
in the full automorphism group via the action of PGL2; 3 on PSL2; 3
by conjugation.
Lemma 4. The natural embedding of PGL2; 3o2 in the automor-
phism group of PSL2; 3 is an isomorphism.
Proof. Every automorphism of PSL2;/p is a conjugation in
PGL2;/p, and every element of PGL2;/p lifts to an element of
PGL2;p. Hence if f is any automorphism of PSL2; 3 then the au-
tomorphism of PSL2; 31 induced by f coincides with the automorphism
induced by a conjugation in PGL2; 3. Denoting this conjugation c, we
complete the proof by applying Lemma 3 to c−1 ◦ f .
The next lemma is a substitute for the missing rigidity statement in Propo-
sition 4.
Lemma 5. Let G be a topological group and H a closed normal subgroup
of G isomorphic to PSL2; 3. Suppose that every surjective map of H onto a
group of the form PSL2;/pn extends to G. Then H has a closed normal
complement in G.
Proof. After replacing G by an isomorphic copy we may assume that
H = PSL2; 3. Let κx G → AutH be the homomorphism giving the
action of G on H by conjugation. It sufces to prove that the image of κ
consists of inner automorphisms, for then G is the product of H and the
centralizer of H, which intersect trivially because H has trivial center. If
we identify AutH with PGL2; 3o2 as in Lemma 4 and write ω for a
representative of the nontrivial coset of PSL2; 3 in PGL2; 3 then we
are reduced to showing that the image of κ contains no element of ω2 and
no nontrivial element of 2.
Suppose rst that κg ∈ ω2 for some g ∈ G. Since 2 acts trivially on
PSL2;p it follows that
gxg−1 = ωxω−1 (20)
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for all x ∈ PSL2;p. Now by hypothesis, the canonical reduction map
f x H = PSL2; 3 −→ PSL2; 31 = PSL2;/p
extends to a map f˜ x G→ PSL2;/p. On the other hand, f is also the
restriction to PSL2; 3 of the canonical map
fˇ x PGL2; 3 −→ PGL2; 31 = PGL2;/p:
Hence applying f to both sides of (20) we obtain
f˜ gyf˜ g−1 = fˇ ωyfˇ ω−1
for all y ∈ PSL2;/p: Thus conjugation by fˇ ω is an inner automor-
phism of PSL2;/p. This is a contradiction, because fˇ ω is a repre-
sentative for the nontrivial coset of PSL2;/p in PGL2;/p.
Next suppose that κg ∈ 2 for some g ∈ G. Since 2 acts trivially on
PSL2;p it follows that
gxg−1 = x (21)
for all x ∈ PSL2;p. Given an integer n¾ 1 and an element ξ ∈ p/pn,
consider the map
fξx H = PSL2; 3 → PSL2;/pn
specializing X to ξ, and let f˜ξ be an extension of fξ to G. Applying fξ to
both sides of (21), we nd that
f˜ξgyf˜ξg
−1 = y
for all y ∈ PSL2;/pn, whence f˜ξg belongs to the center of
PSL2;/pn and is therefore trivial. Thus g ∈ Ker f˜ξ, and conse-
quently ghg−1h−1 ∈ Ker fξ for all h ∈ H. But\
n¾ 1
\
ξ∈p/pn
Ker fξ = 1;
because an element of pX which vanishes identically as a function on
pp is 0. We conclude that ghg−1 = h for all h ∈ H, whence κg is the
trivial automorphism of H.
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7. PROOF OF THEOREM 1
Let 81;82;83; : : : be elements of Q1;Q2;Q3; : : : respectively satisfying
the compatibility condition that 8n is the image of 8n+1 under the natural
map from Qn+1 to Qn. The existence of such a compatible sequence follows
from Proposition 4. Let ϕn be the epimorphism SL2; → PSL2; 3n
corresponding to 8n, and write 1n for the kernel of ϕn. Put ,n =-1n : Then
SL2;/1n acts as a group of automorphisms of ,n with xed eld j,
and consequently ,n is Galois over j with Galois group SL2;/1n. By
construction, ϕn is the composition of ϕn+1 with reduction modulo p;Xn,
so the isomorphism of SL2;/1n onto PSL2; 3n afforded by ϕn ts into
a commutative diagram
SL2;/1n+1
∼=−→ PSL2; 3n+1?y ?y
SL2;/1n
∼=−→ PSL2; 3n
in which the vertical arrows are the standard maps. Furthermore,
ϕ1x SL2; → PSL2;/p is also the standard map, because 81
is the standard modular pair for PSL2;/p. Hence 11 = 0±p and
,1 = -0p. Taking , to be the compositum of the elds ,n for n¾ 1, we
conclude that , contains -0p and is Galois over j with Galois group
PSL2; 3: This proves the existence assertion in Theorem 1.
The uniqueness of a subeld , of - containing -0p and Galois
over j with Galois group PSL2; 3 can be deduced from the equality
Qn = Aut1Gn in the proof of Lemma 3, but we prefer to kill two birds
with one stone by showing that such a eld , is necessarily a compositum
as described in Theorem 1 and hence in particular is unique. In the nota-
tion of Proposition 3, the assertion to be proved is that , is the compositum
of the elds -0 for 0 ∈ Gn and n¾ 1. To begin with, x an identica-
tion of Gal,/j with PSL2; 3. We recall that the latter group has
a unique open normal subgroup with quotient PSL2;/p, which must
therefore correspond to the subgroup Gal,/-0p of Gal,/j. An
immediate consequence is that -0p is contained in any Galois exten-
sion of j inside , with Galois group PSL2;/pn. We apply this
remark as follows: Given an element ξ ∈ p/pn, consider the map
fξx PSL2; 3 → PSL2;/pn specializing X to ξ, and let +ξ ⊂ ,
be the xed eld corresponding to Ker fξ under our identication of
Gal,/j with PSL2; 3. Then +ξ contains -0p. Hence if we let 0ξ
be the unique subgroup of SL2; containing ±I such that +ξ = -0ξ ,
then 0ξ is normal in SL2; with quotient group PSL2;/pn, and
0ξ is contained in 0±p. In other words, 0ξ ∈ Gn. But the map sending
ξ ∈ p/pn to 0ξ ∈ Gn is injective, and p/pn = Gn by Proposition 3.
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Hence the sets Gn and 0ξ x ξ ∈ p/pn are equal, as are therefore the
sets -0 x 0 ∈ Gn and +ξ x ξ ∈ p/pn. Thus all of the elds -0 with
0 ∈ Gn and n¾ 1 are contained in ,. In fact, , is their compositum, be-
cause the intersection of the subgroups Ker fξ for n¾ 1 and ξ ∈ p/pn
is trivial.
8. PROOF OF THEOREM 2
Fix a subeld F of  containing all p-power roots of unity. With nota-
tion as in Proposition 3, we let P be the compositum of the elds K0 for
0 ∈ Gn and n¾ 1. Since each K0 is Galois over Fj so is P . Also, since
K0 = -0 and , is the compositum of the elds -0 we see that P =
,. Hence restriction to P denes an isomorphism of Gal,/j onto
GalP/j ∩ P, and more generally of Gal,/+ onto GalP/+ ∩ P
for every subeld + of , containing j. The Galois correspondence shows
that the map + 7→ + ∩ P is a bijection from the set of such + to the set
of subelds of P containing j ∩ P . Furthermore, + is Galois over j
if and only if + ∩ P is Galois over j ∩ P , and if these equivalent condi-
tions hold then restriction to + ∩ P gives an isomorphism of Gal+/j
onto Gal+ ∩ P/j ∩ P.
Our goal is to apply Lemma 5 with G = GalP/Fj and H =
GalP/j ∩ P. We have just seen that H is isomorphic to Gal,/j
and hence to PSL2; 3. In addition, H is normal in G because P is Ga-
lois over Fj and  is algebraically closed. We must still check that every
surjective map f x H → PSL2;/pn extends to G. Recalling the bijec-
tion + 7→ + ∩ P at the end of the last paragraph, let us write the xed
eld of the kernel of f as + ∩ P , where + is a Galois extension of j
inside , with Gal+/j ∼= PSL2;/pn. Since -0p is the unique
Galois extension of j inside , with PSL2;/p as Galois group
(because PSL2; 3 has a unique open normal subgroup with quotient
group PSL2;/p, as noted several times already) we see that + con-
tains -0p. Let 0 be the unique subgroup of SL2; containing ±I
such that + = -0. Then 0 is normal in SL2; with quotient group
SL2;/pn, and 0 ⊂ 0±p because -0 = + ⊃ -0p. Thus 0 ∈ Gn
and + = -0 = K0. We are now in a position to extend f from H to
G. Indeed, H = GalP/j ∩ P, and by construction f factors through
the quotient H ′ = Gal+ ∩ P/j ∩ P of H. On the other hand,
G = GalP/Fj, and we claim that restriction to K0 gives an isomor-
phism of H ′ onto the quotient G′ = GalK0/Fj of G. The existence
of an extension of f follows at once from this claim. As for the claim it-
self, it sufces to see that the maps from Gal+/j to H ′ and to G′,
given respectively by restriction to + ∩ P and by restriction to K0, are
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both isomorphisms. For this we refer to the preceding paragraph and to
Proposition 3.
Lemma 5 now implies that there is a subeld L of P , Galois over Fj,
such that restriction to L denes an isomorphism of GalP/j ∩ P
onto GalL/Fj, hence also of Gal,/j onto GalL/Fj. This is
the existence statement in Theorem 2. Uniqueness follows from:
Proposition 5. Let L be a Galois extension of Fj contained in , such
that L = , and j ∩ L = Fj. Then L is the compositum of the elds
K0 for 0 ∈ Gn and n¾ 1.
Proof. In conjunction with the Galois correspondence, our hypothesis
implies that the map + 7→ + ∩ L is a bijection from the set of subelds
of , containg j to the set of subelds of L containing Fj. Hence if
K = + ∩ L then K = +, because both sides of the latter equation have
the same intersection with L, namely K. Also, j ∩ K = Fj because
j ∩ L = Fj. Now by Theorem 1, , is the compositum of the elds
-0 for 0 ∈ Gn and n¾ 1. Hence the intersection of the groups Gal,/-0
is trivial, as is therefore the intersection of the groups GalL/-0 ∩ L.
Consequently L is the compositum of the elds -0 ∩ L, and it sufces to
see that -0 ∩ L = K0. Fix 0 and put K =-0 ∩ L. We saw a moment ago
that K = -0 and j ∩K = Fj, whence the equality K = K0 follows
from the uniqueness assertion in Proposition 3.
9. A FINAL DIGRESSION
By the specialization PSL2; 3 → PSL2;p associated to an element
ξ ∈ pp we mean the map induced by the homomorphism of topological
rings 3 = pX → p sending X to ξ.
Lemma 6. An epimorphism of PSL2; 3 onto PSL2;p is the compo-
sition of a specialization with an automorphism of PSL2;p.
Proof. Since every homomorphism PSL2; 3 → PSL2;p is the in-
verse limit of its reductions modulo pn, it sufces to prove the corre-
sponding statement for maps to PSL2;/pn: A surjective homomor-
phism PSL2; 3 → PSL2;/pn is the composition of a specialization
X 7→ ξ ∈ p/pn with an automorphism of PSL2;/pn. In making
this reduction we do need to observe that if g is an automorphism of
PSL2;/pn and fξx PSL2; 3 → PSL2;/pn is the specialization
corresponding to some ξ ∈ p/pn then both g and ξ are determined by
g ◦ fξ: indeed, the kernel of g ◦ fξ determines ξ, and then the map from
PSL2; 3/Ker fξ to PSL2;/pn induced by g ◦ fξ determines g. It fol-
lows that if gn ◦ fξn and gn+1 ◦ fξn+1 are two such compositions at levels pn
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and pn+1 respectively, and if gn+1 ◦ fξn+1 reduces modulo pn to gn ◦ fξn , then
ξn+1 reduces to ξn and gn+1 reduces to gn.
A further reduction is that 3 can be replaced by some 3m. More pre-
cisely, every homomorphism from PSL2; 3 to PSL2;/pn factors
through the natural reduction map PSL2; 3 → PSL2; 3m for some
m¾n, so it sufces to show that a surjective map from PSL2; 3m to
PSL2;/pn is the composition of a specialization and an automorphism
of PSL2;/pn. In fact, since every automorphism of PSL2;/p
lifts to an automorphism of PSL2;/pn we may restrict our attention
to surjective maps from PSL2; 3m to PSL2;/pn which induce the
identity on PSL2;/p.
Now x an element of Qm, and let ϕx SL2; → PSL2; 3m be the
corresponding epimorphism. For each ξ ∈ p/pn consider the map
fξx PSL2; 3m → PSL2;/pn specializing X to ξ. If ξ 6= ξ′ then
Ker fξ 6= Ker fξ′ and consequently fξ ◦ ϕ and fξ′ ◦ ϕ are nonconjugate
maps from SL2; to PSL2;/pn. Thus the modular pairs corre-
sponding to fξ ◦ ϕ and fξ′ ◦ ϕ are nonconjugate elements of Pn and
therefore represent distinct elements of Cn. But Cn = p/pn by
Proposition 3. Hence every element of Cn is represented by one of the
maps fξ ◦ ϕ, or rather by the corresponding modular pair. In other words,
if f x PSL2; 3m → PSL2;/pn is any epimorphism inducing the iden-
tity on PSL2;/p then f ◦ ϕ is conjugate to some fξ ◦ ϕ. Since ϕ is
surjective it follows that f is conjugate to fξ.
One also has the analogous assertion for specialization maps from
SL2; 3 to SL2;p:
Lemma 7. An epimorphism of SL2; 3 onto SL2;p is the composi-
tion of a specialization with an automorphism of SL2;p.
Proof. Given an epimorphism f x SL2; 3 → SL2;p, consider the
composition of f with the natural projection of SL2;p onto PSL2;p.
Since PSL2;p has trivial center the resulting map factors through
PSL2; 3 to give an epimorphism PSL2; 3 → PSL2;p. According
to Lemma 6, the latter epimorphism is the composition of a specializa-
tion and an automorphism of PSL2;p. We claim that the specialization
and the automorphism lift to a specialization SL2; 3 → SL2;p and
an automorphism of SL2;p respectively. That the specialization lifts is
immediate. That the automorphism lifts follows from the fact (readily de-
duced from Lemma 1, and in any case a consequence of [6]) that every
automorphism of PSL2;p is a conjugation in PGL2;p. We conclude
that there is an epimorphism f ′x SL2; 3 → SL2;p of the desired
form (in other words, the composition of a specialization and an automor-
phism of SL2;p) such that f ′g = ±f g for all g ∈ SL2; 3. The
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map g 7→ f g−1f ′g can be viewed as a one-dimensional character of
SL2; 3 with values in ±1, and any such character factors through the
quotient SL2; 31. Since the latter group has no subgroups of index 2 we
conclude that the character is trivial, whence f = f ′.
At the same time we obtain:
Lemma 8. An epimorphism PSL2; 3 → PSL2;p lifts to an epimor-
phism SL2; 3 → SL2;p.
Proof. This follows from Lemma 6, for as we have just remarked, a
specialization PSL2; 3 → PSL2;p lifts to a specialization SL2; 3 →
SL2;p and an automorphism of PSL2;p lifts to an automorphism of
SL2;p.
Finally we come to the bridge from Theorem 2 to Theorem 3:
Lemma 9. Let G be a topological group and Z and N closed normal
subgroups of G with Z¶ 2. If G/Z ∼= PSL2; 3 and G/N ∼= SL2;p
then G ∼= SL2; 3.
Proof. The rst point is that Z = 2. Indeed, if Z = 1 then G is
isomorphic to PSL2; 3 while a quotient of G is isomorphic to SL2;p.
Passing to the quotients of PSL2; 3 and SL2;p by their maximal open
normal pro-p subgroups, one deduces that a quotient of PSL2;/p
is isomorphic to SL2;/p, an absurdity. A similar argument shows
that Z ∩ N = 1: for otherwise Z ⊂ N , and once again G/Z is isomor-
phic to PSL2; 3 while a quotient is isomorphic to SL2;p. It follows
in particular that the image of Z in G/N is a normal subgroup of or-
der 2. Hence any isomorphism G/N ∼= SL2;p induces an isomorphism
G/NZ ∼= PSL2;p.
Now x isomorphisms αx G/Z → PSL2; 3 and β˜x G/N → SL2;p,
and let βx G/NZ → PSL2;p be the isomorphism induced by β˜. We
dene a map f x PSL2; 3 → PSL2;p by requiring that the diagram
G/Z α−→ PSL2; 3?y ?y f
G/NZ β−→ PSL2;p
commute, where the left vertical arrow is the canonical projection. By
Lemma 8, f lifts to an epimorphism f˜ of SL2; 3 onto SL2;p.
Let Gf be the subgroup of PSL2; 3 × SL2;p consisting of ordered
pairs x; y such that f x = piy, where pi is the canonical map from
SL2;p to PSL2;p. We will show that G is isomorphic to SL2; 3
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by showing that both groups are isomorphic to Gf . Let pi ′ be the canonical
map from SL2; 3 to PSL2; 3. Then
z 7→ pi ′z; f˜ z
is an isomorphism of SL2; 3 onto Gf . On the other hand, let $′ and $
be the canonical quotient maps from G to G/Z and G/N respectively. The
commutative diagram shows that
g 7→ α$′g; β˜$g
is an isomorphism of G onto Gf , completing the proof.
10. PROOF OF THEOREM 3
Let F and L be as in Theorem 2, and let E be an elliptic curve over
Fj with invariant j. Fix an algebraic closure j of j containing -
and consider the subeld Fj; Epn/± of j generated over Fj by the
x-coordinates (relative to some Weierstrass equation) of the afne points
on E of order dividing pn. According to the classical theory of division
elds, if we put Kn = Fj; Epn/± then Kn = -0pn and j ∩Kn =
Fj. Hence the uniqueness assertion in Proposition 3 implies that Kn =
K0±pn. Since L is the compositum of the elds K0 for 0 ∈ Gn and n¾ 1
(Proposition 5), it follows in particular that L contains the elds Kn =
Fj; Epn/± and hence their compositum Fj; Ep∞/±. On the other
hand, Fj; Ep∞ is a quadratic extension of Fj; Ep∞/±; in fact the
latter eld is the xed eld of ±I under any identication
GalFj; Ep∞/Fj ∼= SL2;p
afforded by the p-adic Tate module of E. Hence for eL = LEp∞ we
at least have eL x L¶ 2: Applying Lemma 9 with G = GaleL/Fj;
Z = GaleL/L; and N = GaleL/Fj; Ep∞; we conclude that G is iso-
morphic to SL2; 3.
Now choose isomorphisms αx G→ SL2; 3 and βx G/N → SL2;p,
and let pix G→ G/N be the natural map. Then β ◦ pi ◦ α−1 is an epimor-
phism SL2; 3 → SL2;p. By Lemma 7 it has the form c ◦ fξ, where
c is an automorphism of SL2;p and fξx SL2; 3 → SL2;p is the
specialization corresponding to some ξ ∈ pp. Let θ denote the automor-
phism of SL2; 3 induced by the automorphism of 3 sending X to X + ξ.
After replacing β by c−1 ◦ β and α by θ ◦ α, we have β ◦ pi ◦ α−1 = f0;
where f0x SL2; 3 → SL2;p specializes X to 0. This completes the
proof, because the relation β ◦ pi ◦ α−1 = f0 is equivalent to a commutative
diagram of the desired form.
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11. PROOF OF THE COROLLARY
Let F0 be a number eld and F the extension of F0 generated by
the p-power roots of unity. Choose an elliptic curve E over F0j of
invariant j, and x isomorphisms GalLEp∞/Fj ∼= SL2; 3 and
GalFj; Ep∞/Fj ∼= SL2;p as in Theorem 3. Let W0 be the nite
subset of F0 consisting of 0, 1728, and all j0 ∈ F0 such that Ej0 is not an el-
liptic curve, where Ej0 denotes the ber of E at j0. We claim that there is a
thin subset W of F0 containing W0 such that if j0 /∈ W then the place j = j0
of F0j remains prime in LEp∞. This assertion is a consequence of the
Hilbert Irreducibility Theorem, but it requires some justication because
the degree of LEp∞ over F0j is innite. Granting the claim tem-
porarily, however, let us consider the effect of a specialization j = j0 /∈ W
on the commutative diagram in Corollary 1. Writing Lj0 for the residue
class eld of a place of L above the place j = j0 of F0j, we obtain the
commutative diagram
GalLj0Ej0p∞/F
∼=−→ SL2; 3?y ?y
GalFEj0p∞/F
∼=−→ SL2;p;
where the left vertical arrow is restriction to FEj0p∞, the right verti-
cal arrow is as in Theorem 3, and the two horizontal arrows are obtained
from the horizontal arrows in Theorem 3 via the standard identication
of a decomposition group at an unramied place with the Galois group of
the corresponding residue class eld extension. Of course, in the present
instance the decomposition subgroups at issue are the full Galois groups
GalLEp∞/Fj and GalFj; Ep∞/Fj themselves, because the
place j = j0 of F0j remains prime in LEp∞ by assumption. We also
remark that the lower horizontal arrow of the commutative diagram neces-
sarily coincides with the matrix representation afforded by a basis for the
p-adic Tate module of Ej0 , because it differs from such a representation by
an automorphism of SL2;p, and every automorphism of SL2;p is a
change of basis, i.e., a conjugation in GL2;p.
Suppose now that C is an elliptic curve over F0 with jC /∈ W , and put
j0 = jC. Then C is the twist of Ej0 by a character χ of GalF/F such
that χ2 = 1. According to what we have just proved, the representation
GalF/F → SL2;p associated to the p-adic Tate module of Ej0 is ob-
tained from a surjective map pix GalF/F → SL2; 3 by specializing X
to 0. It follows that the representation associated to the p-adic Tate mod-
ule of C is the specialization X 7→ 0 of pi ⊗ χ. But a well-known argument
shows that pi ⊗ χ still maps GalF/F surjectively onto SL2; 3: Indeed
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the projective representation associated to pi ⊗ χ maps GalF/F surjec-
tively onto PSL2; 3, and therefore the image of pi ⊗ χ itself contains at
least one of the matrices S and −S. Since S2 = −S2 = −I, the image of
pi ⊗ χ contains −I, and consequently pi ⊗ χ is surjective.
This completes the proof of the corollary, except that we must still justify
our claim:
Proposition 6. There is a thin subset W of F0 containing W0 such that if
j0 /∈ W then the place j = j0 of F0j remains prime in LEp∞.
Proof. Consider the natural map from SL2; 3 to SL2; 32 af-
forded by reduction modulo p;X2. Using our chosen identication
GalLEp∞/Fj ∼= SL2; 3, we may think of the kernel of reduction
modulo p;X2 as a closed subgroup of GalLEp∞/Fj. Let Q be
the corresponding xed eld. Our rst step is to produce a nite extension
F ′ of F0 contained in F together with a nite Galois extension Q′ of F ′j
such that Q′F = Q and Q′ x F ′j = Q x Fj. To dene F ′ and Q′, let
α be a primitive element for Q over Fj, let f x ∈ FjX be the irre-
ducible monic polynomial of α over Fj, and for each σ ∈ GalQ/Fj
choose fσx ∈ Fjx so that ασ = fσα. Write f and the fσ as quotients
of polynomials in the two variables x and j, and let F ′ be the extension
of F0 generated by the coefcients. Then the eld Q′ = F ′jα is Ga-
lois over F ′j with Q′F = Q and Q′ x F ′j = degf  = Q x Fj. It
follows that restriction to Q′ gives an isomorphism of GalQ/Fj onto
GalQ′/F ′j, whence the latter group is also isomorphic to SL2; 32.
Next we appeal to the Hilbert Irreducibility Theorem: There is a thin
subset W of F0 containing W0 such that if j0 /∈ W then the place j =
j0 of F0j remains prime in Q′. Given j0 /∈ W , choose a place vj0 of Q
lying over j = j0 and let v′j0 denote the place of Q′ lying below vj0 . Write
Qj0 and Q
′
j0
for the corresponding residue class elds. By construction, the
inertia subgroup of GalQ′/F ′j at v′j0 is trival and the decomposition
subgroup is equal to GalQ′/F ′j. Therefore GalQ′j0/F ′ is isomorphic
to SL2; 32. We claim that GalQj0/F is also isomorphic to SL2; 32. If
this is not the case then Q′j0 ∩ F is a proper extension of F ′, for we do have
Q′j0F = Qj0 (since Q′F = Q and the extensions Q′/F ′j and Fj/F ′j
are both unramied at j = j0). Now consider the Galois group of Q′j0 ∩ F
over F ′. On the one hand, this group is abelian, because the underlying
extension is intermediate to the abelian extension F/F0. On the other hand,
this same group is a quotient of GalQ′j0/F ′ and therefore of SL2; 32.
But SL2; 32 has no nontrivial abelian quotients (for example, because
SL2; 32 is generated by unipotent upper and lower triangular matrices,
and these are easily written as commutators). This contradiction shows that
GalQj0/F is isomorphic to SL2; 32 as claimed.
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To summarize, if j0 /∈W then the decomposition subgroup of GalQ/Fj
at a place above j = j0 is equal to GalQ/Fj itself. We now apply Propo-
sition 2 of Boston [2]: If H is a closed subgroup of SL2; 3 such that the
image of H in SL2; 32 is all of SL2; 32 then H = SL2; 3. It follows
that if j0 /∈ W then the decomposition subgroup of GalLEp∞/Fj at
a place above j = j0 is GalLEp∞/Fj itself. On the other hand, it is
also the case that if j0 /∈ W then the extension LEp∞/Fj is unram-
ied at j = j0, because Fj; Ep∞/Fj is unramied outside the places
where E has bad reduction and L/Fj is unramied outside the places
where -/j ramies, namely j = 0, j = 1728, and j = ∞. We conclude
that if j0 /∈ W then the place j = j0 of Fj remains prime in LEp∞, as
does the place j = j0 of F0j.
12. AN ADDENDUM TO THEOREM 2
Let F and L be as in Theorem 2, and let Fj denote an algebraic closure
of Fj containing L. Our nal remark is that L can be dened without
explicit reference to , or -:
Proposition 7. The eld L is uniquely characterized as a subeld of Fj
by the following properties:
(a) L is Galois over Fj with Fj ∩ L = Fj and GalL/Fj ∼=
PSL2; 3:
(b) Let E be an elliptic curve over Fj with invariant j, and put
K = Fj; Ep/±. Then L contains K and the extension L/K is unrami-
ed outside the places of K lying over the place j = ∞ of Fj.
Proof. Let j denote an algebraic closure of j containing -. We
may assume that Fj is contained in j, so that formation of a composi-
tum such as L is meaningful. That L satises (a) and (b) is a straightfor-
ward consequence of what we have already proved: (a) holds by Theorem 2,
and the inclusion K ⊂ L in (b) follows from Proposition 5 and the equality
K = K0±p. We recall that this equality is a consequence of Proposition 3
and the classical relations j ∩K = Fj and K =-0p. The latter re-
lation also gives the second assertion in (b), because the extension - of
-0p is unramied outside the cusps.
Now suppose that L′ is an arbitrary subeld of Fj such that (a) and
(b) hold when L is replaced by L′. Put ,′ = L′. Then ,′ contains the
eld K = -0p. Also, ,′ is contained in - because - is the maxi-
mal extension of -0p contained in j which is unramied outside the
cusps. The condition Fj ∩ L′ = Fj ensures that the restriction map
from Gal,′/j onto GalL′/Fj is an isomorphism, and consequently
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Gal,′/j is isomorphic to PSL2; 3. Theorem 1 now implies that
,′ = ,, whence Theorem 2 gives L′ = L.
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